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Abstract
In this paper we calculate the ratio of transverse shear viscosity to entropy density
for the general anisotropic black brane in Horava-Lifshitz gravity. There is a well-
known conjecture that states this ratio should be larger than 1
4pi
. The ratio of shear
viscosity to entropy density is proportional to the inverse square coupling of quantum
thermal field theory,η
s
∼ 1
λ2
. Especially in QFT with gravity dual the stronger coupling
means the shear viscosity per entropy density gets closer to the lower bound of 1
4pi
. The
KSS bound preserves in the anisotropic scaling model.
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1 Introduction
The AdS/CFT duality [1, 2, 3] states that quantum gravity theories, such as string
theory, on an AdSd+1 background is dual to a d-dimensional CFT, which is a non-
gravitational theory. Hydrodynamics [4] is an effective theory of QFT at large distances
and time-scales. AdS/CFT duality leads to fluid/gravity duality in this limit[5, 6].The
hydrodynamics equations are laws of conservation of energy and momentum [4, 7],
∇µT µν = 0, (1)
T µν = (ρ+ p)uµuν + pgµν . (2)
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According to dictionary of AdS/CFT, Black Brane within the bulk is dual to a fluid
on the boundary .
Table 1: Relevant equations and parameters in the bulk and on the boundary
Bulk Boundary
EMN = RMN − 12RgMN + ΛgMN = 0 ∇µT µν = 0
ds2 = −2uµdxµdr + r2[ηµν + ( r+r )4uµuν ]dxµdxν T µν = (πT )4(gµν + 4uµuν)
where r+, Λ, T and uµ are event horizon, cosmological constant, temperature and
fluid velocity, respectively [6].
Since the hydrodynamics regime is valid and ε =
lmfp
L
<< 1, we expand it to the
leading order of ε [5].
T µν = (ρ+ p)uµuν + pgµν − σµν , (3)
σµν = PµαP νβ[η(∇αuβ +∇βuα) + (ζ − 2
3
η)gαβ∇.u], (4)
Pµν = gµν + uµuν ,
where η, ζ, σµν and Pµν are shear viscosity, bulk viscosity, shear tensor and pro-
jection operator, respectively [6, 8, 9, 10]. In this work we are interested in calculating
transverse shear viscosity by Green-Kubo formula [10, 11].
η = lim
ω→0
1
2ω
∫
dt d~x eıωt
〈
[T xy (x), T
x
y (0)]
〉
= − lim
ω→ 0
1
ω
ℑGx xy y (ω,~0). (5)
In the following, we consider the general black brane in the Horava-Lifshitz gravity
[12, 13, 14, 15, 16]. Then, we calculate the shear viscosity to the entropy density ratio
by Green-Kubo formula. The ratio is found to satisfy the conjectured bound 1
4pi
for
this gravity.
2 Anisotropic Black Brane in Horava-Lifshitz
Gravity
We study the model with anisotropic scaling. Horava- lifshitz and Einstein-Hilbert
gravity with a scalar field, the so-called khronon [17] have this property. It help us to
understand tricritical point in condense matter physics named by Griffiths [18]. Since,
Horava-Lifshitz gravity is a well known theory, we don’t mention to its details. There
are several ways to create this theory: It can be obtained by coupling a massive gauge
field to Einstein gravity or as solutions of Einstein-axion-dilaton [13, 12] theories as
follows,
I =
∫
d5x
√−g
(
R− 2Λ− 1
2
(∂φ)2 − 1
2
e2φ(∂χ)2
)
, (6)
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Where χ and φ are axion and dilaton fields respectively. The axion field has a constant
profile in the radial direction and depends linearly on z, χ = az .The metric of non-
extreme black brane in the context of HL gravity is,
ds2 = −r2α h(r)dt2 + dr
2
r2 f(r)
+
r2
l2
b(r)(dx2 + dy2) +
r2
l2
k(r)dz2, (7)
Functions h(r) and f(r) are the blackening factors. Metric (7) is invariant under
anisotropic scaling of space-time coordinates t → λαt , xi → λxi , r → rλ where α is
the dynamical critical exponent.
Since, we are considering non-extreme black holes, both functions have simple root at
the horizon r = r+, such that h(r+)/f(r+) is finite at the horizon.
For later convenience, we introduce the dimensionless coordinate u =
r2
+
r2
,
ds2 = − r
2α
+
uαl2α
H(u)dt2 +
l2du2
4u2F (u)
+
r2+
ul2
B(u)(dx2 + dy2) +
r2+
ul2
K(u)dz2, (8)
where l is radius of AdS. The solution is clearly isotropic in the xy-directions, but not
in the z-direction.
The temperature and the Hawking-Bekenstein entropy density read as [19],
T =
1
4π
√
guugtt
∂ugtt|u=1 =
rα+
2πlα+1
√
F
H
H ′|u=1 =
rα+
2πlα+1
√
F ′H ′|u=1, (9)
s =
4π
V
∫
d3x
√−g = 4π
(r+
l
)3
B(u = 1)
√
K(u = 1). (10)
Now to find the transverse shear viscosity, one may consider tensor perturbation of the
background metric as gxy + hxy [19, 20, 21] where x, y are parallel to the brane. Since
the brane has translational invariance, we apply Fourier transformation.
hyx(t, u, ~x) = G(u)
∫
d4k
(2π)4
(h0)yx(ω,
~k) exp(ı~k · ~x− ıωt). (11)
Regarding the Green-Kubo formula it is enough to set ~k = 0. Plug the perturbed
metric in the action of HL gravity and keep terms up to G2:
I2 =
∫
d5x
(
K1G
′2 −K2G2
)
, (12)
where
K1 =
√−gguu,
K2 =
l2α
√−g
r2α+ u
−αH(u)
ω2.
then the EoM is,
(K1G
′)′ +K2G = 0. (13)
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Eq.(13) shows that the perturbation satisfies the Klein-Gordon equation as follows,
1√−g∂u(
√−gguu∂uhxy(t, u, ~x)) + gµν∂µ∂νhxy(t, u, ~x) = 0. (14)
By substituting Eq.(11) in Eq.(14)
1√−g ∂u(
√−gguu∂uG(u)) − gttω2G(u) = 0, (15)
using (8) we obtain,
G′′(u) +
1
2
(
F ′
F
+
H ′
H
+
2B′
B
+
K ′
K
− α+ 1
u
)
G′(u) +
l2α+2ω2G(u)
4r2α+ u
2−αF (u)H(u)
= 0, (16)
in which ′ denotes derivative with respect to u. This equation is singular at the horizon
u = 1. Thus, first of all, we study the near horizon behavior by using the Taylor
expansion,
F (u) ≈ −(1− u)F ′(1),
H(u) ≈ −(1− u)H ′(1).
then,
F (u)H(u) ≈ (1− u)2F ′(1)H ′(1) = (1− u)2
(
2πlα+1T
rα+
)2
. (17)
Therefore Eq. (16) transforms to,
G′′(u)− 1
1− uG
′(u) +
ω2
16π2T 2
1
(1− u)2G(u) = 0 . (18)
The solution to the above equation is G(u) = (1− u)β, with
β = ± ı̟
2
, ̟ ≡ ω
2πT
(19)
In the above equation we choose the minus sign, since we are interested in the incoming
waves at the horizon. Coming back to the main equation (16), we consider the following
ansatz with an expansion in terms of ̟,
G(u) = F˜ (u)
−ı̟
2 (h˜0(u) +
ı̟
2
h˜1(u) +O(̟
2)), (20)
where F˜ (u) ≡ √F (u)H(u) and we set h˜0(u) = 1 to normalize G(u) on the boundary.
Plugging (20) into (16) to first order of ̟, we obtain,
h˜′′1 +
1
2
(
F˜ ′
F˜
+
2B′
B
+
K ′
K
− α+ 1
u
)
h˜′1 −
F˜ ′′
F˜
+
F˜ ′
2F˜
(
−2B
′
B
− K
′
K
+
α+ 1
u
)
= 0 . (21)
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The solution to the above equation is as follows,
F˜ h˜′1 − F˜ ′
B−1K
−1
2 u
α+1
2
= C1, (22)
h˜1 = log
F˜
C2
+ C1
∫ u B−1K −12 uα+12
F˜
du, (23)
Where C1 and C2 are integration constants. For our purposes the explicit form of h˜1 is
not important. It would be enough to find C1 by demanding h˜1 to be non-singular at
the horizon. So we may investigate the near horizon behavior of the integral in (23))
as follows,
F˜ ≈ −(1− u)F˜ ′(1) = −(1− u)2πl
α+1T
rα+
(24)
h˜1 ≈ log 1− u
C2
− C1r
α
+(B(u = 1))
−1(K(u = 1))
−1
2
2πlα+1T
log(1− u). (25)
Considering a non-singular h˜1 at the horizon, C1 read as ,
C1 =
2πlα+1T
rα+
B(u = 1)
√
K(u = 1) (26)
Following the prescription given in [22, 23, 24], the retarded Green’s function will
be:
Gxxyy (ω,~0) = −
√−gguuG∗(u) ∂uG(u)|u→0
=
ı rα+3+ ̟
ℓα+4
[
F˜ ′ − F˜ h˜′1
B−1K
−1
2 u
α+1
2
] ∣∣∣∣∣
u→0
= − ı ω r
α+3
+
2π T lα+4
C1 (27)
where in the last line Eq.(22) was used.
Now the transverse shear viscosity can be found by using Green-Kubo formula [21],
η⊥ = η
xx
yy = − lim
ω→0
1
ω
ℑGxxyy (ω,~0) =
(
r3+
l3
)
B(u = 1)
√
K(u = 1) (28)
Then the ratio of transverse shear viscosity to entropy density is,
η⊥
s
=
1
4π
. (29)
The importance of this result is that it is an exact and universal result regardless
of details of black-brane solution. There are two kind of shear viscosity in anisotropic
black brane solution: transverse and longitudinal. In this paper we calculate transverse
shear viscosity.
5
3 Results and discussion
We prove the universality of the η⊥
s
for the general anisotropic black brane solution in
Horava-Lifshitz gravity. This value for QGP is the same as experimental data. This
value is an example for supporting string theory.
4 Conclusion
We showed that the lower bound of the ratio η⊥
s
preserves for the general anisotropic
black brane in Horava-Lifshitz gravity. This bound is known as KSS conjecture [21] and
considered for strongly interacting systems where reliable theoretical estimate of the
viscosity is not available. It tells us that the ratio η/s has a lower bound, η
s
≥ ~
4pi kB
, for
all relativistic quantum field theories at finite temperature without chemical potential
and can be interpreted as the Heisenberg uncertainty principle [19, 21]. The massive
term with the Dirichlet boundary condition and regularity on the horizon [25, 26, 27]
violate the KSS bound but the massive term with the Petrov-like boundary condi-
tion preserve this bound [28]. However, this conjecture violates for higher derivative
gravities [29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40].
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